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Abstract
A result of B.B. Wells Jr. claims that every complex valued continuous function on the compact
ring Zp of p-adic integers has a rearrangement which belongs to a certain class (W) of functions
having absolutely convergent Fourier series. We point out that this is not the case since every real
valued function from (W) has Lebesgue null range. On the other hand we prove the existence of a
rearrangement with absolutely convergent Fourier series for every continuous real valued function
on Zp and on some other compact metric totally disconnected Abelian groups. We leave open if the
same holds for all continuous complex valued functions on Zp.
 2003 Elsevier Inc. All rights reserved.
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Introduction
The following problem was posed by Luzin (see, e.g., [8, I, 7, p. 8 or VII, 9, p. 98], [1,
p. 330], or [6, 13.4]). Let f be a continuous complex valued function on the multiplicative
circle group T= {z ∈ C, |z| = 1}. Is there a homeomorphism h of T onto itself such that
the rearrangement g = f ◦h belongs to A(T), i.e., such that g has an absolutely convergent
Fourier series? This problem was solved in negative by Kahane and Katznelson [10] for
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results related to this problem appeared earlier in [9], [5, Corollary 9.7], or [14]. We are
going to comment the following result stated in [14].
Every continuous complex valued function f on the compact ring Zp of integers of a
p-series field has a rearrangement g that has absolutely convergent Fourier series.
The aim of our remark is first to point out that the proof of the above statement in [14] is
not correct. Further we prove it for all real valued continuous functions on Zp and on some
other groups as well. Our method of proof does not work for complex valued functions and
thus we leave open if the above statement holds in full generality.
Let us introduce some notation first. Let p be a prime. We identify the elements of
the ring Zp of p-adic integers with the sequences of elements of {0,1, . . . , p − 1}. The
topology is the corresponding product topology. Let us recall that the elements of Zp are
also being identified with the formal power series
∑∞
k=0 ikpk with ik ∈ {0, . . . , p − 1}
which enables an easy description of the algebraic structure and of the group of continuous
characters on Zp (see, e.g., [4]). We shall not need to use this description explicitly. We
only need to know the following description of the Haar probability µ on Zp .
For each finite sequence (i1, . . . , ik) of elements of {0,1, . . . , p − 1} we denote by
Zp(i1, . . . , ik) the clopen set of (j1, j2, . . .) ∈ {0,1, . . . , p − 1}N satisfying (j1, . . . , jk)=
(i1, . . . , ik). In particular, Zp(∅)= {0,1, . . . , p− 1}N. Then µ(Zp(i1, . . . , in))= 1/pn.
1. A too strong sufficient condition
The following sufficient condition on a continuous function f :Zp → C to have ab-
solutely convergent Fourier series is proved in [14].
(W) For
εn = pn
∑
(i1,...,in)∈{0,...,p−1}n
min
bi1,...,in
∫
Zp(i1,...,in)
∣∣f (x)− bi1,...,in∣∣dµ(x),
the series
∑∞
n=0 εn is convergent.
An equivalent form of (W) is obviously
(W′) There are functions hn :Zp → C, n = 0,1, . . . , such that hn(x) = bi1,...,in ∈ C on
Zp(i1, . . . , in), ‖f − hn‖L1 = εn/pn, and the sum
∑∞
n=0 εn converges.
Claim. If f :Zp →C is continuous and satisfies (W), then the images of Zp under the real
and the imaginary parts of f are both Lebesgue null subsets of R.
Proof. Since (W) holds obviously for both the real and the imaginary parts of f , we may
and shall suppose that f :Zp → R and it suffices to show that the Lebesgue measure of
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(W′) we have that hn → f in L1 and that
‖hn+1 − hn‖L1  ‖hn+1 − f ‖L1 + ‖hn − f ‖L1 
εn
pn
+ εn+1
pn+1
 εn + εn+1
pn
. (1)
Multiplying (1) by pn+1 for each n= 0,1, . . . , we get∑
|bi1,...,in+1 − bi1,...,in | = ‖hn+1 − hn‖L1pn+1  p(εn + εn+1), (2)
where the sum is over (i1, . . . , in+1) ∈ {0, . . . , p− 1}n+1.
By definition of the functions hn and the triangle inequality we have that
hn0+k(Zp)⊂ F, k = 1,2, . . . ,
where
F =
⋃{[bι− rι, bι + rι], ι ∈ {0, . . . , p− 1}n0}
and
rι =
∞∑
m=1
max
{|bι,j1,...,jm − bι,j1,...,jm−1 |, (j1, . . . , jm) ∈ {0, . . . , p− 1}m}.
It is obvious that
rι 
∞∑
m=1
∑
(j1,...,jm)
|bι,j1,...,jm − bι,j1,...,jm−1 |,
and so we conclude that
λ(F )
∑
ι
2rι  2
∞∑
m=1
∑
(ι,j1,...,jm)
|bι,j1,...,jm − bι,j1,...,jm−1 |,
where ι runs through {0, . . . , p − 1}n0 and (j1, . . . , jm) through {0, . . . , p − 1}m. Further,
by (2),
λ(F ) 2p
(
(εn0 + εn0+1)+ · · · + (εn0+k−1 + εn0+k)+ · · ·
)
< 4pε.
As hn → f in L1, there is a subsequence (hnk ) of (hn) such that limk→∞ hnk (x)= f (x)
for all x belonging to some H ⊂ Zp with µ(H)= 1. As F is a closed set, being finite union
of closed intervals, f (H)⊂ F . Since f is continuous on Zp and H is dense in Zp , we get
that f (Zp) ⊂ F . So we have that λ(f (Zp))  4pε for every positive ε and the claim is
proved. ✷
Remark. Of course, any rearrangement f ◦ h of a continuous function f :Zp → R with
Lebesgue null range has also Lebesgue null range and so there are continuous real functions
on Zp with no rearrangement fulfilling (W) contradicting the claim of [14].
Let us also indicate which part of the proof of [14, Theorem] contains a gap. The map
h−1 being the limit limn→∞H−1n [14, p. 258] is not one-to-one. It maps, e.g., the clopen
set Up+1 to the only element of
⋂∞
n=1 ω(3n,p3n) as follows from the properties of h1 and
from (10) and (13) in [14, p. 257].
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Our aim is to establish a criterion on a compact metrizable totally disconnected Abelian
group G under which for every continuous real valued function g on G there is a home-
omorphism h of G onto itself such that f ◦ h belongs to the algebra A(G) of continuous
complex valued functions whose Fourier series, with respect to the continuous characters
on G, is absolutely convergent. However, our arguments remain valid without any change
also for non-Abelian compact metrizable totally disconnected groups. (We are indebted to
the referee for pointing this out.)
We are going to use an analogue of Bernstein’s theorem [15, Theorem VI.3.1] say-
ing that every function f :T→ C that is Hölder continuous of the order α > 1/2, i.e.,
f ∈ Lip(α), belongs to A(T). The analogue concerns all nondiscrete compact metric to-
tally disconnected groups G. In particular, it covers the case of the groups Zp of p-adic
integers and the classical p-adic groupsDp = {0,1, . . . , p− 1}N with addition coordinate-
wise modulo p.
We use µ to denote the Haar probability measure on G.
Let us recall [7, Theorem 7.7] that there is a strictly decreasing sequence of proper
clopen normal subgroups Un ⊂G, n ∈ N, that form a neighborhood basis of zero in G. It
follows easily that the group G is covered by a finite partition {x10U1, . . . , x1k(1)−1U1} and
similarly Un is covered by a finite partition {xn+10 Un+1, . . . , xn+1k(n+1)−1Un+1}.
To obtain the strongest version of our result, one should assume that U1,U2, . . . are
chosen such that the measures µ(Un) are the largest possible; however this is not needed
for the argument.
Following [13, Section 2] we consider the translation invariant metric ρ compatible with
the topology of G that is uniquely determined by the equality
ρ(x, y)= 1
k(1) . . .k(n+ 1) = µ(Un+1) for x, y ∈G
if xy−1 ∈ Un \Un+1, n= 0,1, . . . (here we use the notation G=U0). Notice that Zp with
Un = Zp(i1, . . . , in), where i1 = · · · = in = 0, as well as Dp with the analogous subgroups
fulfill the assumptions on G and Un’s above. In this notation, the analogue of Bernstein’s
theorem we need reads
Theorem [2,13]. If f : (G,ρ)→C is in Lip(α), with α > 1/2, then f ∈A(G).
Remark. This result was first proved for Abelian groups by Walker in [13, Theorem 1].
The general case is treated by Benke in [2, Corollary after Theorem 3] for a slightly dif-
ferent metric, which is equivalent to ρ under the assumption (which seems to be implicitly
used in the argument) that the sequence µ(Un)/µ(Un+1) is bounded. However, Benke’s
proof gives the above stated result without any limitation on the sequence of fractions
µ(Un)/µ(Un+1), n ∈N. For that, it suffices to write Pn−1 and En−1 instead of Pn and En
in the proof of Theorem 3 and use Theorems 1 and 3 in the same way in which they were
used to obtain Corollary following Theorem 3 in [2].
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f :G→R.
We are going to use the notation dim(G,ρ) for the “lower entropy dimension” of the
metric space (G,ρ) defined as limδ→0+(logN(δ)/(− logδ)), where N(δ) is the minimal
number of open balls of diameter at most δ that cover G (cf. [3, 3.1] for subsets of Rn). It
is not difficult to check that for our special metric spaces (G,ρ) we have
dim(G,ρ)= limn→∞
log(k(1) . . .k(n))
log(k(1) . . .k(n)k(n+ 1)) .
The latter equality could serve here as the definition of the dimension without referring
to the standard definition above. Let us remark that in the particular cases of (Zp,ρ) and
(Dp,ρ) the “lower entropy dimension” is one.
Theorem. Let dim(G,ρ) > α > 0 and f :G→ R be continuous. Then there is a home-
omorphism h :G→ G such that the rearrangement f ◦ h is in Lip(α). In particular, if
dim(G,ρ) > 1/2, then the corresponding choice of h gives that f ◦ h ∈A(G) by Walker’s
theorem.
Proof. Let K > 0 be such that f (G) ⊂ [a, b] with b − a < K . Let δ ∈ (α,dim(G,ρ)).
Choose β > 0 small enough so that ((1− β − β2)/(1+ β)2)δ > α and M large enough so
that
1+ log2K
M
< β and log2 M ′ < (1+ β) log2(M ′ − 1) for M ′ M. (M)
Denoting
G(ε1, . . . , εn)= x1ε1 . . . xnεnUn for each (ε1, . . . , εn) ∈
n∏
m=1
{
0, . . . , k(m)− 1},
we may map each element x ∈ G to the only sequence ε(x) = (ε1(x), ε2(x), . . .) ∈∏∞
n=1{0, . . . , k(n)− 1} with {x} =
⋂∞
n=1 G(ε1(x), . . . , εn(x)). We may note that the map-
ping ε is a homeomorphism.
We shall construct a homeomorphism H :G→ graphf such that pR ◦H is in Lip(α),
where pR :G×R→R is the projection to the second coordinate. Having such H , we put
h= pG ◦H , with pG :G×R→G denoting the projection to the first coordinate, and it is
obvious that h fulfill the statement of our theorem since f ◦h= pR ◦H . To this end we first
note that graphf ⊂G× [a, b] is homeomorphic to G (and so to∏∞n=1{0, . . . , k(n)− 1}).
We need the following easy observation, which we get using the fact that any cover of a
compact null-dimensional space, without an isolated point, by m nonempty open sets has
a refinement consisting of m nonempty clopen pairwise disjoint sets.
Lemma. Let A⊂ graphf be a nonempty clopen subset of graphf , diam pR(A) < d , and
m ∈N be arbitrary. Then there is a partition of A to m nonempty clopen sets A1, . . . ,Am
with diam(pR(Aj )) < d/m for j = 1, . . . ,m.
We proceed by the construction of a sequence of partitions Hn of the graph of f to
nonempty clopen sets that will enable a direct definition of H below. We begin by the
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with
kn = k(mn−1 + 1) . . .k(mn) 2M. (3)
Now we use the fact that there is a homeomorphism g of G onto {0,1}N (see, e.g., [7,
Theorem 9.15]). We denote g(x) = (g1(x), . . .) and Gi1,...,in = {x ∈G, g1(x) = i1, . . . ,
gn(x) = in}. We proceed by the construction of families Hn of sets H(σ1, . . . , σn) ⊂
graphf , where σi ∈∏mil=mi−1+1{0, . . . , k(l)− 1} for i = 1, . . . , n, fulfilling the following
conditions:
(a) Each of the families Hn, n ∈ N, forms a partition of the graph of f to nonempty
(relatively) clopen subsets.
(b) The familyHn+1 refinesHn for every n ∈N.
(c) diam pR(H(σ1, . . . , σn)) < 2nK/((k1 − 1) . . . (kn − 1)).
(d) H(σ1, . . . , σn)⊂Gι ×R for some ι ∈ {0,1}n.
We construct the families by induction over n ∈ N. For convenience we define also
H(∅) = graphf and H0 = {graphf }. Let H0, . . . ,Hn be already defined so that (a)–(d)
are fulfilled. Let σi ∈∏mil=mi−1+1{0, . . . , k(l)− 1} for i = 1, . . . , n be fixed. By (d) there is
some (i1, . . . , in) ∈ {0,1}n such that H(σ1, . . . , σn)⊂Gi1,...,in ×R. If
H(σ1, . . . , σn)⊂Gi1,...,in,i ×R (∗)
for i ∈ {0,1}, then we use Lemma to find a partition of H(σ1, . . . , σn) into nonempty
clopen sets H(σ1, . . . , σn, σn+1), σn+1 ∈∏mn+1l=mn+1{0, . . . , k(l)− 1}, such that
diam
(pR(H(σ1, . . . , σn, σn+1)))< 2
nK
(k1 − 1) . . . (kn − 1)
1
kn+1
 2
n+1K
(k1 − 1) . . . (kn+1 − 1) .
If (∗) does not hold, we choose first Ai ⊂∏mn+1l=mn+1{0, . . . , k(l)− 1}, i = 0,1, such that
A0 ∪ A1 =∏mn+1l=mn+1{0, . . . , k(l)− 1}, A0 ∩ A1 = ∅, and the cardinality of Ai is at least
(kn+1 − 1)/2. Using Lemma twice, we find partitions of H(σ1, . . . , σn)∩ (Gi1,...,in,i ×R)
into nonempty clopen sets H(σ1, . . . , σn, σn+1), σn+1 ∈Ai , such that
diam
(pR(H(σ1, . . . , σn, σn+1)))< 2
n+1K
(k1 − 1) . . . (kn+1 − 1)
for each i = 0,1. So (a)–(d) are fulfilled for H1, . . . ,Hn+1 and the inductive construction
of Hn, n= 0,1, . . . , is finished.
Using now the families Hn, we define H(x) for x ∈G as the only element of the inter-
section
∞⋂
H
((
ε1(x), . . . , εm1(x)
)
, . . . ,
(
εmn−1+1(x), . . . , εmn(x)
))
.n=1
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continuous bijection of the compact groupG onto graphf , and thus it is a homeomorphism
of G and graphf .
It remains to check the Hölder continuity of pR ◦H . Let x, y be distinct elements
of G. Then there is n = n(x, y) ∈ N such that xy−1 ∈ Un−1 \ Un and so ρ(x, y) =
1/(k(1) . . .k(n)) and ε1(x)= ε1(y), . . . , εn−1(x)= εn−1(y). Let n¯= n¯(x, y) be the largest
integer with mn¯ < n. Then H(x) and H(y) belong to the same set
H
((
ε1(x), . . . , εm1(x)
)
, . . . ,
(
εmn¯−1+1(x), . . . , εmn¯(x)
))
and so
∣∣pR(H(x))− pR(H(y))∣∣ 2
n¯K
(k1 − 1) . . . (kn¯ − 1)
by inequality (c) above.
We shall use the choice of M (see (M)) to show that there is N > m1 so large that
|pR(H(x))− pR(H(y))| (ρ(x, y))α provided n = n(x, y)  N . Note that the require-
ment N >m1 assures n¯= n¯(x, y) 1. Denoting by αn the numbers
−n¯− log2 K + log2((k1 − 1) . . . (kn¯ − 1))
log2(k(1) . . .k(n))
,
it is sufficient to find N so that αn  α for nN .
As ki  2M M due to (3), we have by (M) that
log2(k1 . . . kn¯)
log2((k1 − 1) . . . (kn¯ − 1))
< 1+ β
and thus
αn >
1
1+ β
−(1+ β)(n¯+ log2K)+ log2(k1 . . . kn¯)
log2(k(1) . . .k(n))
. (4)
Choice (3) ensures now moreover that
n¯+ log2K
log2(k1 . . . kn¯)
 n¯+ log2K
Mn¯
 1+ log2K
M
< β, (5)
the last inequality is due to (M). Using (5) and (4) we get
αn >
1− β − β2
1+ β
log2(k1 . . . kn¯)
log2(k(1) . . .k(n))
. (6)
Using that dim(G,ρ) > δ, we choose N1 >m1 such that
log2(k(1) . . .k(n− 1))
log2(k(1) . . .k(n))
> δ for nN1.
Note that
log2
(
k(mn¯ + 1) . . .k(n− 1)
)
 log2
(
k(mn¯ + 1) . . . k(mn¯+1 − 1)
)
<M
since nmn¯+1 by maximality of n¯ and mn¯+1 is the first index for which
log2
(
k(mn¯ + 1) . . .k(mn¯+1)
)
M.
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log2(k1 . . . kn¯)
log2(k(1) . . .k(n))
= log2(k1 . . . kn¯)
log2(k(1) . . .k(mn¯))+ log2(k(mn¯ + 1) . . .k(n− 1))
log2(k(1) . . .k(n− 1))
log2(k(1) . . .k(n))
>
log2(k1 . . . kn¯)
log2(k(1) . . .k(mn¯))+M
δ.
Since k1 . . . kn¯ = k(1) . . .k(mn¯)→∞ as n→∞, we may choose N  N1 such that for
nN ,
log2(k1 . . . kn¯)
log2(k(1) . . .k(n))
>
δ
1+ β .
So (6) gives
αn >
1− β − β2
1+ β
δ
1+ β > α.
Finally, we choose a constant C ∈R such that |pR(H(x))− pR(H(y))| C(ρ(x, y))α
for all x, y with xy−1 /∈UN . ✷
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